We analyze and compare the mathematical formulations of the criterion for separability for bipartite density matrices and the Bell inequalities. We show that a violation of a Bell inequality can formally be expressed as a witness for entanglement. We also show how the criterion for separability and the existence of a description of the state by a local hidden variable theory, become equivalent when we restrict the set of local hidden variable theories to the domain of quantum mechanics. This analysis sheds light on the essential difference between the two criteria and may help us in understanding whether there exist entangled states for which the statistics of the outcomes of all possible local measurements can be described by a local hidden variable theory.
I. INTRODUCTION
The advent of quantum information theory has initialized the development of a theory of bipartite and multipartite entanglement. Pure state entanglement has been recognized as an essential resource in performing tasks such as teleportation [1] , distributed quantum computing or in solving a classical communication problem [2] .
Central in the theory of bipartite mixed state entanglement is the convertibility of bipartite mixed state entanglement to pure state entanglement by local operations and classical communication. This involves a question of both a qualitative form -can any entanglement be distilled from a quantum state? -as well as of a quantitative form, -how much pure state entanglement can we distill out of a quantum state? It has been found that there exist entangled quantum states from which no pure state entanglement can be distilled. The first steps have been made to classify these so called bound entangled states of which there are two kinds, bound entanglement with positive partial transposition (PPT) [3] [4] [5] and negative partial transposition [6, 7] . In these studies the central underlying motivation is the use of entanglement in computational and information processing tasks.
The question of whether quantum mechanics provides a complete description of reality underlies the formulation of Bell's original inequality [8] . In 1964 Bell formulated an inequality which any local hidden variable theory obeys. He showed however that the EPR (Einstein-Podolsky-Rosen) singlet state
would violate the inequality. Even though local hidden variable theories were not formulated for this purpose, it can easily been understood that the question of whether an entangled state is a useful resource in quantum information processing is related to the question of whether there exists a local hidden variable model for the entangled state [9] . This is of importance in the use of entanglement in classical communication protocols. Assume that 
where p i ≥ 0. The Horodecki family has formulated the necessary and sufficient conditions for separability of a bipartite density matrix: 
for all separable density matrices σ ∈ B(H A ⊗ H B ) + .
The lemma follows from basic theorems in convex analysis [11] . The proof invokes the existence of a separating hyperplane between the compact convex set of separable density matrices on H A ⊗ H B and a point, the entangled density matrix ρ, that does not belong to it. This separating hyperplane is characterized by the vector H that is normal to it; the hyperplane is the set of density matrices τ such that Tr H τ = 0.
From a physics point of view, the Hermitian operator H is the observable that would reveal the entanglement of a density matrix ρ. We will call H an entanglement witness. The lemma tells us that there exists such an observable H for any entangled bipartite density matrix 1 . We remark that the choice of 'origin' of the separation is irrelevant here; the pair of inequalities Tr H ρ < c and Tr H σ ≥ c for all separable σ, for c other than 0, can be obtained by adding a term c1 ⊗ 1 to an entanglement witness H.
III. BELL INEQUALITIES
We now turn to the formulation of the Bell inequalities. The question of whether quantum mechanics provides a complete description of reality underlies the formulation of Bell's original inequality [8] . and Bob, perform a set of measurements on a given bipartite quantum state ρ; we will not consider sequences of measurements.
Interestingly, this general formulation of Bell inequalities [18] [19] [20] has great similarity with the separability criterion of Lemma 1 and there exists a relation between the two.
The general formulation of Bell inequalities comes about in the following way. We will consider only bipartite states here, but the formulation also holds for multipartite states. 
and similarly for the jth measurement of Bob,
Let P be a vector of probabilities of outcomes of measurements by Alice and Bob on a quantum state ρ. The vector P has three parts denoted with the components (P A:i|k,B:j|l , P A:i|k , P B:j|l ). For example, when Alice has two possible measurements with two outcomes each and Bob has one measurement with three outcomes, P , according to quantum mechanics, will be a 12+4+3 component vector with its components equal to
for i = 1, 2, k = 1, 2 and j = 1, l = 1, 2, 3. We call P the event vector.
Let λ be a local hidden variable. We choose λ such that when λ takes a specific value, each measurement outcome is made either impossible or made to occur with probability 
We denote the vector B λ=λ 1 , when λ takes the value λ 1 as B λ 1 . Any local hidden variable theory can be represented as a vector V :
with p i ≥ 0 and P 
with q i ≥ 0. Note that we have not constrained the vectors B Thus we see that the set of local hidden variable theories forms a convex cone L LHV (M) .
The label M is a reminder that the cone depends on the chosen measurements for Alice or Bob, in particular the number of them and the number of outcomes for each of them.
The vectors B λ i are the extremal rays [18] of L LHV (M) . The question then of whether the probabilities of the outcomes of the chosen set of measurements on a density matrix ρ can be reproduced by a local hidden variable theory, is equivalent to the question whether or
It is not hard to see that all separable pure states have event vectors P ∈ L LHV (M) as the event vector P for a separable pure state has a product structure P = ( P A ⊗ P B , P A , P B ).
It follows that all separable states have event vectors in L LHV (M) , as they are convex combinations of separable pure states. What about the entangled states? We can use the Minkowski-Farkas lemma for convex sets in R n [11] . The lemma implies that P / ∈ L LHV (M) if and only if there exists a vector F such that
The equation ∀ λ i F · B λ i ≥ 0 is a Bell inequality. The equation F · P < 0 corresponds to the violation of a Bell inequality. Thus, finding a set of measurements and exhibiting the vector F with the properties of Eq. (11) is equivalent to finding a violation of a Bell inequality. If one can prove that for a density matrix ρ no such sets of inequalities of the form Eq. (11) for all possible measurement schemes can be found, then it follows that ρ can be described by a local hidden variable theory.
There is a nice correspondence between Eq. 
where E A i,k is the positive operator of the ith measurement with outcome k for Alice and similarly for Bob. With this construction F · P = Tr H ρ. Also, one has Tr H σ ≥ 0 for any separable density matrix σ as P σ ∈ L LHV (M) for all separable density matrices σ. Thus a violation of a Bell inequality for a bipartite density matrix ρ can be reformulated as an entanglement witness H for ρ.
We can illustrate the construction with the well known Bell-CHSH inequality [21] for two qubits. It is convenient to start with the following form
where a and a ′ characterize Alice's two measurements: i.e. Alice measures the eigenvalues, +1 or −1, of the observables a· σ and a ′ · σ where a and a ′ are unit vectors. Similarly, Bob can measure the eigenvalues of b · σ and b ′ · σ. The probability p ab corresponds to the probability that both Alice and Bob find outcome +1 for observable a · σ and b · σ. Similarly do they other probabilities correspond to finding the +1 eigenvalue of the other measurements. Now it follows with Eq. (12) that H is equal to
which can be rewritten as
Here we recognize the Bell operator
first introduced in Ref. [22] .
The relation between a Bell inequality and the separability condition gives a clue about what to look for when trying to find a violation of a Bell inequality for bound entangled PPT states. Every Hermitian operator H which has the property that
for all separable states σ can be written as
where |Ψ is a maximally entangled state (see Ref. [6] ) and P is a positive map. Since
TrH ρ < 0 and ρ is a PPT state, it follows that the positive map P cannot be related to the transposition map T in the following way
where S 1 and S 2 are completely positive maps. In other words, P is not a decomposable positive map. We note that for bound entangled states which are based on unextendible product bases, the entanglement witness H is known [23] . It is possible to try to search numerically for violations of Bell inequalities for the corresponding bound entangled states by decomposing such a witness into positive operators of POVM measurements and coefficients of a Farkas vector.
IV. RESTRICTED LOCAL HIDDEN VARIABLES
One may now ask the following question: Given an entanglement witness H for a bipartite density matrix ρ, does there exist a decomposition of H into a set of measurements and a vector F as in Eq. (12) , that leads to a violation of a Bell inequality for ρ? The reason for the discrepancy between the inequalities of Lemma 1 and Eq. (11) is that the hidden variable cone L LHV (M) contains more than just the separable states; it can also contain vectors which do not correspond to probabilities of outcomes of measurements on a quantum mechanical system. If quantum mechanics is correct then we will never find these sets of
outcomes. An example of such an unphysical vector is the following. Let Alice perform two possible measurements on a two-dimensional system. Her first measurement M A 1 is a projection in the {|0 , |1 } basis and her second measurement M A 2 is a projection in the
The hidden variable cone L LHV (M) will contain vectors such as
This vector B λ which assigns a probability 1 to outcome |0 and a probability 1 to outcome
(|0 −|1 ) cannot describe the outcome of these measurements on any quantum mechanical state ρ.
These unphysical vectors play an important role in the construction of hidden variable theories for entangled states: their importance is emphasized by the following observation.
If we restrict the cone L LHV (M) to contain only vectors that are consistent with quantum mechanics, then we can prove that there exists a "violation of a Bell inequality" for any entangled state. By this we mean the following: We demand that all vectors in the set Proof The idea of the proof is the following. All vectors in the restricted local hidden variable theory now correspond to outcomes of measurements on a quantum mechanical system. We chose a set of measurements that completely determines a quantum state in a given Hilbert space. Then there is a one-to-one correspondence between vectors of measurement outcomes and quantum states. Then we show that all vectors in the restricted local hidden variable set correspond to measurement outcomes of separable states. Therefore measurement outcomes from entangled states do not lie in the set described by a restricted local hidden variable theory.
We write the density matrix ρ as
where the Hermitian matrices {σ i ⊗ τ j } Alice and Bob choose a set of measurements such that the probabilities of outcomes of these measurements are, according to quantum mechanics, given by
for all i, k, j and l. What is important is that they, if they would carry out these measurements repeatedly on ρ (a single measurement on each copy of ρ), would be able to determine the probabilities (p i,k,j,l , p A i,k , p B j,l ). Then they can uniquely infer from these probabilities the state ρ. We call this set of measurements M c , a complete set of measurements.
Let L r LHV (Mc) be the convex set of restricted local hidden variable theories 3 . We first consider which density matrices ρ can be described by restricted local hidden variable vectors of the form ( P A ⊗ P B , P A , P B ), where P A ( P B ) is a vector of probabilities p 
Tr π w
for all i, k, j and l, since
As the set of measurements completely determines the density matrix ρ it follows that the solution ρ = ρ A ⊗ ρ B is the only solution of Eq. (22) for all i, k, j and l . Therefore all the restricted local variable vectors of the form ( P A ⊗ P B , P A , P B ) correspond to product states. If follows that any convex combination of the restricted local hidden variable vectors
corresponds to a separable state. As the map from the vectors P to states ρ is one-to-one, this is the only density matrix that corresponds to V . Thus we can conclude that no vector in the convex set L 
This is always possible as the set {σ i ⊗ τ j }
,{σ i ⊗ 1} 
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